In this paper we find necessary and sufficient conditions for a nondegenerate arbitrary signature manifold M n to be realized as a submanifold in the large class of warped product manifolds εI × a M N λ (c), where ε = ±1, a : I ⊂ R → R + is the scale factor and M N λ (c) is the N-dimensional semi-Riemannian space form of index λ and constant curvature c ∈ {−1, 1}. We prove that if M n satisfies Gauss, Codazzi and Ricci equations for a submanifold in εI × a M N λ (c), along with some additional conditions, then M n can be isometrically immersed into εI × a M N λ (c). This comprises the case of hypersurfaces immersed in semi-Riemannian warped products proved by M.A. Lawn and M. Ortega (see [6] ), which is an extension of the isometric immersion result obtained by J. Roth in the Lorentzian products S n × R 1 and H n × R 1 (see [12] ), where S n and H n stand for the sphere and hyperbolic space of dimension n, respectively. This last result, in turn, is an expansion to pseudo-Riemannian manifolds of the isometric immersion result proved by B. Daniel in S n × R and H n × R (see [2] ), one of the first generalizations of the classical theorem for submanifolds in space forms (see [13] ). Although additional conditions to Gauss, Codazzi and Ricci equations are not necessary in the classical theorem for submanifolds in space forms, they appear in all other cases cited above.
Introduction
A fundamental question in the theory of submanifolds is to know when a (pseudo)-Riemannian manifold can be isometrically immersed in a given ambient space. In the case where the ambient space is a Riemannian space form, it is a well-known fact that the Gauss, Codazzi and Ricci equations are necessary and sufficient (see [13] ). This fact is also true for psuedo-Riemannian manifolds, and a short proof of it can be found in [10] , where the authors there used it to obtain isometric immersion results in product of space forms. In particular for immersions of codimension 1, the Ricci equation is trivial and the Gauss and Codazzi equations are equivalent to the existence of a local isometric immersion into the desired space form.
Versions of the fundamental theorem of submanifold theory were recently achieved by Benoit Daniel in [2, 3] , Julien Roth in [12] and by Marie-Amélie Lawn and Miguel Ortega in [6] . In [2] , Daniel considers hypersurfaces in M n × R, where M n is the sphere S n or the hyperbolic space H n of dimension n. He observed that for a hypersurface M of M n × R the Gauss and Codazzi equations depend only on the first and second fundamental form, the projection T of the vertical vector ∂t onto the tangent bundle T M and its normal component ν, and proved that these two equations together with additional first order differential equations in T and ν give necessary and sufficient conditions for a manifold M to be immersed locally and isometrically into M n × R. In [12] , Roth expanded Daniel's result and proved a fundamental theorem of hypersurfaces for the case of the Lorentzian products M n × R 1 . In [6] , Lawn and Ortega generalized Roth's result and obtained a fundamental theorem for hypersurfaces in semi-Riemannian warped products. It is interesting to bring to attention that none of these three results already mentioned above deal with submanifolds of codimension greater than one. It is also worth to point out that theorems of submanifold for the case of arbitrary codimension have been proved (see, e.g., [5, 7, 8, 9, 10] ).
Our aim in this paper is to give a proof of a fundamental theorem for submanifolds in semiRiemannian warped products. It extends the result of Lawn and Ortega. Namely, we consider isometric immersions of arbitrary codimensions. Like the proof in [6] we use moving frames and integrable distributions, the standard method based on differential forms first used by Cartan and after Tenenblat [13] or Daniel [2] for instance.
Preliminaries
Let (P m , g P ) be a semi-Riemannian manifold of dimension dim P = m. All our manifolds will be connected and of class C ∞ , unless otherwise stated. We consider a smooth function a : I ⊂ R → R + , a (sign) constant ε = ±1 and the warped product
We set our convention for the curvature operator R of a connection D as
LetR P and R P be the curvature operator ofP m+1 and P m , respectively. Since there is no confusion, we will use the same notation for the associated curvature tensors along the paper. Let∇ and ∇ P be the Levi-Civita connection ofP m+1 and P m , respectively. We recall the following formulae, which can be checked in [11] , bearing in mind the change of sign.
Lemma 1 (Cf. [11] ) On the semi-Riemannian manifoldP m+1 , the following statements hold, for any V,W lifts of vector fields tangent to P m :
We also need to set the standard Euclidean space of dimension N + 1 ≥ 3 and index λ , R N+1 λ with its metric
Let M N λ (c) be the semi-Riemannian space form of constant sectional curvature c ∈ {−1, 1} and index λ , with metric g. We put
with its standard pseudo-Riemannian flat metric g 0 and Levi-Civita connection ∇ 0 . We are considering S N λ and H N λ , respectively, as one of the connected components of
Following the previous notation, we considerP N+1 = εI × a M N λ (c) with metric , , Levi-Civita connection∇ and curvature tensorR. We also considerP N+2 = εI × a E N+1 λ with metric , 2 , Levi-Civita connection∇ and curvature tensorR. From the usual totally umbilical embedding
λ , we construct the isometric immersioñ
Proposition 1 (Cf. [11] ) The curvature tensorR ofP N+2 is given bỹ
Using the general Gauss equation for the isometric immersion above, one concludes the following:
Proposition 2 (Cf. [11] ) The curvature tensorR ofP N+1 is given by
for any tangent vector fields X ,Y, Z,W ∈ TP N+1 .
Isometric immersions into warped products
Let M n be a semi-Riemannian manifold isometrically immersed inP N+1 = εI × a M N λ (c). Let ∇ and∇ be the Levi-Civita connection of M n andP N+1 , respectively. Denote by R and R ⊥ the curvature tensors of the tangent and normal bundles T M and T M ⊥ , respectively, by α ∈ Γ(T * M ⊗ T * M ⊗ T M ⊥ ) the second fundamental form of the immersion and by
In particular, we have the equation
In the following, we are using these decompositions for the tangent bundle TP N+1 :
Lemma 2 Under the previous conditions, the following equations hold for any X ∈ T M:
Finally, we obtain
Now, the last two equation are just the tangential and the normal part of∇ X T.
By using Proposition 2 and the classical Gauss equation for submanifolds, which states
for any X ,Y, Z,W ∈ T M, we obtain:
Proof 2 The classical Codazzi equation for submanifolds states
(∇ Y α)(X , Z, η) − (∇ X α)(Y, Z, η) = −R(X ,Y, Z, η).
The Proposition 2 gives us
and the proof is complete.
for any X ,Y ∈ T M and η ∈ T M ⊥ .
Proof 3 The classical Ricci equation for submanifolds states
The Proposition 2 gives usR(X ,Y )η = 0, and the proof is complete.
Structure equations and main theorem
In the previous section we found necessary conditions for a nondegenerate arbitrary signature manifold M n to be realized as a submanifold in the large class of warped product manifolds εI × a M N λ (c), where ε = ±1, a : I ⊂ R → R + is the scale factor and M N λ (c) is the N-dimensional semi-Riemannian space form of index λ and constant curvature c ∈ {−1, 1}. Now, we want to prove the converse. Namely, we want to show that if M n satisfies Gauss, Codazzi and Ricci equations for a submanifold in εI × a M N λ (c), along with some additional conditions that appear in Lemma 2, then M n can be isometrically immersed into εI × a M N λ (c).
Elie Cartan developed the moving frame technique. Definitions, basic results and some other details can be found in [4] . We will use the following convention on the ranges of indices, unless mentioned otherwise:
with a connection∇ and a base
= ε α = ±1 and suppose, without lost of generality, that E N+1 = ∂ t and c = ε 0 . Also, let ∇ be the Levi-Civita connection ofP
From now on, let (M n , , M ) be a semi-Riemannian manifold of index p and (E, , E ) a semiRiemannian vector bundle of index q and rank m = N + 1 − n over M with compatible connection ∇ E and curvature operator R E . Let us also give α E a simmetric section in Γ(T * M ⊗ T * M ⊗ E), ξ a section in Γ(E), real numbers c, ε ∈ {−1, 1} and smooth functions a : I ⊂ R → R + and π : M → I. We define the vector field T ∈ T M by T = ε · grad(π) and, for each η ∈ Γ(E), we define the section
Definition 1 Under the previous conditions, we say that M satisfies the structure equations if the following conditions hold for any X ,Y, Z,W ∈ T M and η ∈ Γ(E):
Remark 1 By abuse of notation, we have written above a = a • π. 
Theorem 1 (i) Existence: Assume that M, under the previous conditions, is simply connected and satisfies the structure equations. Then there exists an isometric immersion f
: M → εI × a M N λ (c) and a vector bundle isometry Φ : E → T f (M) ⊥ , such that: 1. ∂ t = d f (T ) + Φ(ξ ). 2. π = π I • f , where π I : εI × a M N λ (c) → I is the projection. 3. α f = Φ • α E • d f −1 ,
(D), (E) e (F) are the Gauss, Codazzi and Ricci equations, respectily, of the immersion
founded.
) be isometric immersions of a semi-Riemannian manifold. Assume that there exists a vector bundle isometry
Then there exists an isometry τ :
Regarding the part (i), let ∇ be the Levi-Civita connection on T M. Consider the Whitney sum F = T M ⊕ E endowed with the orthogonal sum of the metrics in T M and E. Define
It is easy to see that ∇ F is a compatible connection on F. Let us give a point x ∈ M and consider around it a local orthonormal frame {e 1 , . . . , e n , e n+1 , . . . , e n+m } for F, with theirs signs ε α = e α , e α = ±1, where {e 1 , . . . e n } is a local orthonormal frame for T M and {e n+1 , . . . e n+m } is a local orthonormal frame for E. Define in Γ(F * ) the 1-forms
, we construct the following 1-forms
for any X ∈ T M, which are known as the connection 1-forms. Now, define the functions T α = δ (e α ) for α ∈ {1, . . . , n + m} and T 0 = 0. Next, we consider the matrices X e ϒ, given by
where Ω = (ω αβ ). A simple computation gives
Our goal now is to prove that the right side of (4.1) vanishes, and the proof of it will be split in some lemmas.
Lemma 3
The following equalities hold: 
where the penultimate equality was obtained from the itens (B) and (C) of the structure equations and the definition of the connection
Finally, to prove item (4), we see that if
If α = 0, then dω α = 0, and
This concludes the proof.
Lemma 4
The following equalities hold:
Proof 5 First of all, it is important to remember that T = ε · grad(π) and that we have been written a = a • π. For (1), we have
For (2), we have
For (3), we initially calculate (Ω ∧ X) αβ . We have
Now, we compute compute (X ∧ Ω) αβ . We have
Hence,
For (4), if α, β ≥ 1, a straightforward computation gives
First, we calculate R F (X ,Y )e β , e α in some cases:
Since e α ∈ T M,
But, it is easy to see that
and, in this case, we conclude that
For the other cases, we use a similar computation, noting that ω α (T M) = 0 if α ∈ {n + 1, . . . , n + m}. Now, for α or β equal zero, we have, considering β = 0 for instance,
Now, we need to compute
Analogously,
Then,
Therefore, it follows that
vanishes when β = 0, the item (4) is proved. This concludes the proof.
Proof 6 The itens of Lemma 4 say that the right side of the equation (4.1) vanishes, and this finishes the proof.
Set N = m + n − 1, λ = p + q + |c − 1| 2 and define S = {Z ∈ M N+2 (R); Z t GZ = G}, where G αβ = ε α δ αβ . Also set the map s :
Proposition 6 The map s described above is a submersion. 
Proof 8
For an open neighborhood U of x 0 ∈ M, we define the set
Since s is a submersion by Proposition 6, the dimension of the manifold F is 
Now, we observe the equivalences
Θ(U,V ) ∈ H ⇔ Ω(U ) − X(U ) − Z −1 V ∈ H ⇔ ZΩ(U ) − ZX(U ) −V ∈ ker (ds) Z ⇔ (ZΩ(U )) N+1β − (ZX(U )) N+1β −V N+1β = 0, for β = 0, . . . , N + 1. But (ZΩ(U )) N+1β − (ZX(U )) N+1β − (dT β ) x (U ) = = ∑ γ Z N+1γ Ω(U ) γβ − ∑ γ Z N+1γ X(U ) γβ − (dT β ) x (U ) = ∑ γ T γ (x)ω γβ (U ) − ∑ γ T γ (x)X(U ) γβ − (dT N+1β ) x (U ) = (dT β ) x (U ) − a ′ a ε β (ω β ) x (U ) + εa ′ a T β (x)δ x (U ) − εa ′ a ∑ γ T γ (x) T β (x)(ω γ ) x (U ) − ε γ ε β T γ (x)(ω β ) x (U ) −(dT β ) x (U ) = 0, for β = 0, . . . , N + 1. Therefore, Im Θ ⊂ H. Now, if H ∈ H, then (0, −ZH) ∈ T (x,Z) F,dim D(x, Z) = dim T (x,Z) F − dim Im Θ = n. Now, we want to prove that D is integrable. Since dϒ + ϒ ∧ ϒ = 0, we have dΘ = dϒ + Z −1 dZ ∧ Z −1 dZ = dϒ + (ϒ − Θ) ∧ (ϒ − Θ) = ϒ ∧ Θ − Θ ∧ ϒ + Θ ∧ Θ. Thus, if U,V ∈ D, we obtain dΘ(U,V ) = (ϒ ∧ Θ − Θ ∧ ϒ + Θ ∧ Θ)(U,V ) = 0. On the other hand, we have dΘ(U,V ) = U (Θ(V )) −V (Θ(U )) − Θ([U,V ]) = −Θ([U,V ]),
Proof of the main theorem
Let U be a neighborhood in M of a given point x 0 ∈ M and B : U → S the map found in Proposition
In order to see that f is an isometric immersion, we compute
Since B ∈ S, we have Now, we finish the proof by showing that the local immersion f is unique up to a global isometry of εI × a M N λ (c). For this, letf :Ũ → εI × a M N λ (c) be another isometric immersion satisfying all the properties of the theorem 1, withŨ a simply connected neighborhood of x 0 included in U and and {Ṽ α } the associated frame, withṼ i = df (e i ) andṼ u normal tof (Ũ ). LetB e be the matrix of the coordinates of the vectorsṼ α in the frame {Ẽ α }. Obviously, up to a direct isometry of εI × a M N λ (c), we can assume that f (x 0 ) =f (x 0 ) and the frame {Ẽ α } and {Ṽ α } coincide at the point x 0 and hence B(x 0 ) =B(x 0 ). Moreover, these two matrices satisfy all the properties of Proposition 7, so by uniqueness of the solution in Proposition 7, we have B(x) =B(x), for all x ∈Ũ. Hence, by construction of f andf from B andB, we deduce that f =f inŨ. Now, we will prove that f can be extended in a unique way to M. For this, we consider x 1 in M and a curve Γ : [0, 1] → M so that Γ(0) = x 0 and Γ(1) = x 1 . Then, for each poin Γ(t) there exists a neighborhood of Γ(t) such that there exists an isometric immersion of this neighbouhood into εI × a M N λ (c) satisfying the properties of the theorem. From this family of neighbourhood, we can extract a finite subsequence (U 0 , · · · , U r ) covering Γ with U 0 = U. Hence, by uniqueness, we can extend f to U r and define f (x 1 ). We conclude by noting that since M is simply connected, the value of f (x 1 ) does not depend on the choice of the curve Γ. Finally, having the global imersion f : M → εI × a M N λ (c) we obtain the desired global bundle isomorphism Φ :
This finishes the proof of Theorem 1.
